In this paper we provide a vibration analysis model and the modeling method for a fully flexible 
Introduction
Parallel Kinematic Machines ͑PKMs͒ represent a significant change in machine tools by utilizing parallel arrangements of the motion system. Since PKMs have a relatively small moving mass, they can be designed for high-speed machining ͑HSM͒ applications. However, the flexibility of PKMs may cause structural resonance in the cutting process and mechanical interaction with the control system, which is the main concern in HSM.
Considerable work on flexible manipulators and mechanisms other than PKMs has been done in the past. Feng et al. ͓1͔ studied an optimization method for dynamic design of planar linkage with clearances at joints. Jonker ͓2͔ introduced a nonlinear finite element formulation, in which both links and joints were considered as specific finite elements. Kakizaki et al. ͓3͔ presented a dynamic modeling method for flexible links and joint clearance. Schwab and Meijaard ͓4͔ studied the dynamic response of mechanisms and machines affected by revolute joint clearance. Tzou and Nassirharand ͓5͔ proposed a stochastic simulation design approach to deal with the random feature of dynamic contacts in joints. Xi and Fenton ͓6͔ investigated the coupling effect of a flexible link and a flexible joint. Yu and Xi ͓7͔ studied the variations of the instantaneous structural frequencies and dynamical frequencies throughout a cycle of planar flexible mechanisms.
The dynamics of flexible conventional PKMs has been investigated over the past 20 years. Lee and Geng ͓8͔ derived the Lagrange equations for flexible Stewart manipulators using tensor representation, with the piston being modeled as a mass-springdamper. Fattah ͓9͔ used finite element method to model the flexible links of a 3-DOF parallel manipulator. Hardage and Wiens ͓10͔ presented the results of a minimodal survey on Hexel Tornado 2000, and discussed flexibility modeling using finite elements. The investigation suggested a dependency of resonant frequency and stiffness characteristics on the machine configuration.
On sliding-leg PKMs, few research papers in literature have been archived on flexible dynamics, but some studies are worthy to mention. Xi et al. ͓11͔ studied the dynamic effect of the slidingleg inertia of a hexapod. The dynamic rigid model of the hexapod was developed using Lagrange's equation. The result showed that the leg inertia must be included for dynamic modeling for HSM applications. Xi et al. presented the work ͓12͔ on developing a sliding-leg tripod as a programmable add-on device for manufacturing, and most recently derived a dynamic rigid model ͓13͔ for the tripod using natural orthogonal complement method. Sliding-leg PKMs have the advantages of constant leg-stiffness and simple motion structure. Figure 1 shows the prototype studied in this paper, which is a 3-Parallel-Revolute-joint-and-Sphericaljoint ͑3PRS͒ manipulator with sliding legs, a so-called sliding-leg tripod. It has three degrees of freedom in the rigid part. Each slider ͑1͒ is driven by a dc motor ͑2͒ along a guideway ͑3͒ that is fixed in the base platform ͑4͒. The revolute joint ͑5͒ connects the leg ͑6͒ with the slider, and the spherical joint ͑7͒ connects the leg with the moving platform ͑8͒ to which a tool can be attached ͑not shown in the figure͒.
It should be noticed that, due to the joint complication ͑clear-ance, friction, and impact͒, ideal joint models will no longer be effective to predict the dynamic behavior. In fact, the joint clearance will dramatically affect the dynamic characteristics. This paper shows that the stiffness of the tripod ͑and so other manipulators͒ in reality will be much lower than that with ideal joints ͓referring to the low natural frequencies later in . Accordingly, the joints should be modeled as flexible ͓referring later to Figs. 5͑a͒-5͑g͔͒. Although there are joint models in the literature concerned with joint complication, a simpler joint model and the related modeling method would be useful.
Another problem is how the system natural frequencies change with the changing of the tripod configurations if the joints are modeled as flexible. The derivation in this paper shows that the body mass and stiffness matrixes will be constant if using the nodal coordinates in their body references as system coordinates while the stiffness matrix associated with the joints is a function of the tripod configuration, which matches the variation of the system natural frequencies. Results show that the frequency variation will be very different for the modified ͑closer to real͒ joints compared to ideal joints.
In this research, the links are modeled as finite elements and the joint constraints are modeled as virtual springs. Instead of using commercial FE software, which is not convenient for handling joint complication, MATLAB codes were written for the model.
In the following derivation, ͕ ͖ stands for a column matrix, ͕r͖ stands for the components of vector r, stands for a row matrix, and ͓͔ stands for a rectangular or square matrix.
Kinematic Modeling
The links are discretized according to their shapes. Each leg is modeled as n elements of spatial beams, with each node having three linear and two angular coordinates ͑along axial and lateral directions and about lateral directions͒; while the moving platform is modeled as three identical elements of a triangular membrane combined with a bending plate, with each node having three linear and two angular coordinates ͑along in-plane and transverse directions and about in-plane directions͒. The rotation about the leg axial direction has no meaning in the tripod and the rotation about the moving platform transverse direction is not necessary, so they are constrained as boundary conditions. As shown in Fig. 2 , e =1 to n + 1, where n is the total number of finite elements in each leg. All the coordinate systems are fixed in undeformed state of the tripod once the tripod configuration is set.
To observe the variations of the system natural frequencies throughout different configurations, a series of rigid configurations of the tripod are set, where axis l Z of the leg body reference l O l X l Y l Z crosses the center of the spherical joint at point P l , l =1,2,3. Therefore the following branch loop equation can be used to determine the rigid configurations: 
where ͓ e p N ct ͔ is the element connectivity and transformation matrix.
Similarly, let ͕ l q͖ be the total nodal coordinates of leg l ex- Transactions of the ASME
where ͓ e l N c ͔ is the element connectivity matrix. Let ͕q͖ be the system total nodal coordinates, which consist of ͕ p q͖ and ͕ l q͖, l =1,2,3. Then ͕ p q͖ and ͕ l q͖ can be expressed in terms of ͕q͖ by connectivity matrixes ͓ p N c ͔ and
Link and Joint Modeling
Structural dynamics is used for the modeling. For the moving platform, the finite elements of a triangular membrane combined with a bending plate are suitable to fully describe the nodal motion of the moving platform. For modeling the legs, several models, such as a spatial beam and a lumped mass, may be used. The system mass matrix will be eventually coupled because of the coupled mass of the moving platform. Thus spatial beam elements are used to give more details of leg nodal motion ͑such as rotation͒. The standard finite element formulas of triangular membranes, bending plates, and spatial beams are available in reference books ͓15͔. Using Eqs. ͑3͒-͑6͒, the kinetic energy and potential energy of the moving platform and the legs can be written in terms of the system total nodal coordinates ͕q͖ with element mass matrices and element stiffness matrixes, respectively. Thus there are the following mass matrixes and stiffness matrixes:
where 
, associated with the system total nodal coordinates ͕q͖.
The ideal revolute joint has one rotation degree of freedom about the local l Y axis, and the ideal spherical joint has three rotation degrees of freedom about local l X, l Y, and l Z axes, l =1,2,3. Joint complication will make the dynamic response of a real joint different from that of an ideal joint. This is because there always exist variable clearance, unpredictable friction, and random impact in joints, which are configuration dependent and difficult to model in mathematical form. From the point of view of vibration, however, a joint displays both elasticity ͑storing energy͒ and damping ͑consuming energy͒; so it can be modeled as a substructure consisting of virtual springs ͑stiffness͒ and virtual dampers ͑damping͒, simply called a flexible joint. The damping in the joints will be considered with the entire system later; only stiffness of the joints is modeled here. To implement, all the joint constraints are released and replaced by virtual springs accordingly, except for the rotation about the leg axial direction in the revolute joints. Let k 1/l , k 2/l , k 3/l , and k 4/l be the stiffness parameters of the virtual springs at revolute joints in their original constrained directions: along l X, l Y, l Z, and about l X, respectively, l =1,2,3; let k 5/l , k 6/l , and k 7/l be the stiffness parameters of the virtual springs at spherical joints in the directions of body refer-
, and l Z, respectively, l =1,2,3. Altogether there are 21 stiffness parameters of virtual springs set in the system. By modeling the revolute joints as flexible joints, the flexibility of actuators and sliders on their guideways is included in the stiffness of the virtual springs.
Using Eq. ͑2͒, the potential energy of the joints in branch l of the tripod will be
in which the joint stiffness matrix of branch l in body reference
where
and the associated joint coordinates are 
Thus Eq. ͑11͒ can be written as
and the total joint stiffness matrix ͓ J K͔ associated with the system total nodal coordinates ͕q͖ can be obtained by summation as follows:
The above derivation shows that Combination of the link finite element models and joint virtual spring models leads to the system equation of motion for free vibration of the tripod,
where the system total nodal coordinates ͕q͖ are discussed in Sec. 2; the system mass matrix ͓M͔ is the sum of ͓ P M͔ and ͓ L M͔ shown in Eqs. ͑7͒ and ͑9͒:
the system stiffness matrix ͓K͔ is the sum of ͓ P K͔, ͓ L K͔, and ͓ J K͔ shown in Eqs. ͑8͒, ͑10͒, and ͑18͒:
For the purpose of evaluating the tripod model by experiment and obtaining the major vibration feature of the system, nodal coordinates are condensed in numerical simulation. The system total nodal coordinates ͕q͖ can be partitioned into master coordinates ͕q m ͖ and slave coordinates ͕q s ͖ by partitioning matrixes ͓N m ͔ and ͓N s ͔ as follows:
To simplify, the static condensation method ͓15͔ is used, whose drawback may be compensated by adjusting the virtual spring stiffness, which will be discussed in the next section. Substituting Eq. ͑22͒ into Eq. ͑19͒, discarding the inertial forces terms, and premultiplying Eq. ͑19͒ by ͓N s ͔ T lead to
Substituting Eq. ͑23͒ into Eq. ͑22͒ results in
Substituting Eq. ͑24͒ into Eq. ͑19͒ and premultiplying Eq. ͑19͒ by ͓R c ͔ T , the condensed system equation of motion for free vibration associated with the master coordinates ͕q m ͖ is derived as
and
The system natural frequencies and mode shapes are obtained by solving the eigen-problem from Eq. ͑26͒.
Sensitivity Analysis
To adjust the stiffness parameters of the virtual springs to the required values so that the computed natural frequencies agree with the measured natural frequencies at the resonant peaks of interest, sensitivity analysis is needed. To simplify the analysis, only eigenvalue sensitivity analysis ͓16͔ is conducted here and then mode shapes are checked later. Let i 2 , ͕⌽ i ͖, and m i be, respectively, the system ith eigenvalue, eigenvector, and modal mass associated with Eq. ͑26͒. There are the following relations:
Differentiating Eq. ͑30͒ with respect to one joint stiffness parameter k j/l , j = 1 to 7, l = 1 to 3, premultiplying it by ͕⌽ i ͖ T , using Eqs. ͑29͒ and ͑31͒, ignoring ‫͓ץ‬M c ͔ / ‫ץ‬k j/l , and noticing i =2f i , where f i is the ith natural frequency, lead to
Using Eqs. ͑21͒ and ͑28͒, and using the following formula for differentiating an inverse matrix:
the differential of the right side of Eq. ͑32͒ can be calculated by
where ‫͓ץ‬ J K͔ / ‫ץ‬k j/l can be calculated using Eqs. ͑12͒-͑14͒ and ͑18͒. where the differences between the first 18 computed natural frequencies and the measured ones:
the correction differences of all 21 stiffness parameters of the virtual springs:
͑38͒
Equation ͑35͒ can be written as
where ͓‫ץ‬f / ‫ץ‬k͔ + is Moore-Penrose pseudoinverse, which yields least squares solutions of ͕⌬k͖. Equation ͑39͒ can be used for initial searching ͕⌬k͖ automatically, while Eq. ͑35͒ can be used for fine adjusting ͕⌬k͖ manually to make ͕⌬f͖ within allowed errors for the resonant peaks of interest.
Simulation and Experiment
According to the cross-section variation of the legs, each leg is discretized into nine elements of spatial beams with different lengths. The moving platform is discretized into three identical elements of triangular membrane combined with a bending plate. In simulating the system frequency response, all four nodes on the moving platform ͑one at the center, three at the vertices͒ and seven nodes distributed evenly on each leg, are chosen as master nodes. All master nodes have three translations along their body references as master coordinates, except for nodes on each leg other than at the ends of it, which have two lateral translations as master coordinates. All other nodal coordinates in the moving platform and legs are chosen as slave coordinates. Altogether there are 60 master coordinates in the system. Experiment shows that the tripod prototype is a complex modal system. To simplify the damping problem in modeling, first assume that the system has structural damping ͑resulting from the joint friction͒ proportional to the system stiffness matrix ͓17͔ and so Eq. ͑26͒ becomes:
where is the damping factor. Thus the acceleration frequency response function ͑FRF͒ for the system can be written as Transactions of the ASME
where ͓⌽͔ is the system eigenvector matrix, which can be proved for proportional damping system to be the same as in the undamped system solved by Eq. ͑26͒. Then at each mode of interest, adjust the damping factor so as to gain agreement between the computed FRF peak and the measured one, that is, the in Eq. ͑41͒ is changed into i , i =1,2,. . ., for modes of interest ͑e.g., the first 18 modes͒. The final damping will not be proportional and the corresponding modes will be complex, which conflict with the modes ͓⌽͔ in Eq. ͑41͒. However, since the damping is small, the error is acceptable at resonant frequencies. On the other hand, if the concern is just to predict resonant frequencies, work could be saved on adjusting the damping factors by setting a uniform damping factor. To observe the frequency variation against the changing of the tripod configuration, a series of configurations are set for simula- Transactions of the ASME tion and experiment with the sliders in different positions on their guideways, shown in Table 1 . The joint stiffness parameters and system damping factors are adjusted at the selected configurations at which the experiment is conducted, and then interpolated linearly into a series of configurations for simulation. In the work we focus on the major peaks of FRFs and disregard the minor peaks. MATLAB codes are written based on the above analytical derivation. Impact tests ͓18͔ and data post-processing are conducted using LabVIEW and ME'scope software. Figure 1 shows one test setting. The points of excitation are chosen close to the spherical joints on the moving platform. The directions of excitation are along l X, l Y, and l Z of the leg body references. Accelerometers are used to pick up the responses in all 60 master coordinates as in the simulation. Sampling frequency is 2000 Hz and the sampling time is 1 s. Frequency resolution is 1 Hz. The window function is force exponential with 50% force window and 10% exponential window. Each measurement is the averaged result of three impacts. Due to the joint complication and noise interference, many local modes plus dense and repeated frequencies appear in the data, which makes the system modes difficult to recognize. Therefore the test data is processed by summing and averaging the magnitude of the FRFs in all measurements. The dense and repeated frequencies are recognized through different points of excitation. In simulation, the corresponding rows and columns of the FRF's matrix ͓H a ͔͑͒ in Eq. ͑41͒ are summed and averaged in a similar way as in the test data processing.
Results and Discussion
Figures 3͑a͒-3͑f͒ show, for ideal joints, the variations of the first 18 natural frequencies with the position changing of the third slider from 0 to 90 mm on its guideway while other sliders staying at 75 mm on their guideways. To see the variations clearly, close natural frequencies are put together. For ideal joints the simulation shows that the natural frequencies change less than 10% throughout the changing of the tripod configuration, which results from the small leg rigid rotations about l X ͑changing from −5.9°to 2.4°r elative to global axis OZ͒. This is one of the advantages of the tripod. Also, the simulation shows that in every three modes or so there are two dense natural frequencies, no matter at what configuration the tripod is set, and two repeated natural frequencies when the structure is completely symmetric, that is, when all the three sliders stay at the same positions on their guideways. This is one of the characteristics of the tripod. Figures 4͑a͒-4͑f͒ show, for the modified joints, the variations of the first 18 natural frequencies against the same configuration changes as in Figs. 3͑a͒-3͑f͒ , and compares the simulation results with the experiment results. It is shown that the computed frequencies are very close to the measured ones. In fact, the error of the prediction is less than 1 Hz from the 1st to the 18th natural frequencies throughout the configuration changes. Comparing  Figs. 3͑a͒-3͑f͒ with Figs. 4͑a͒-4͑f͒, it is noticed that the natural frequencies for the model with the modified joints are significantly different from those with ideal joints. First, the modified joints decrease the system natural frequencies dramatically, that is, decrease the system stiffness. Second, the modified joints may change the order of dense or repeated frequencies in every three modes, e.g., the 11th and 12th natural frequencies are dense or repeated frequencies for ideal joints, while the 10th and 11th natural frequencies are for the modified joints. Furthermore, there are almost no repeated frequencies for modified joints. Also, it is noticed that for ideal joints some natural frequencies are more dependent on configurations ͑changing with the configuration͒ than others, while for modified joints this is not obvious. The huge difference in the frequency response between ideal joints and modified joints may result from the complication ͑especially clearance͒ of the real joints. The very low frequencies ͑2-8 Hz͒ in Fig. 4͑a͒ may indicate that the tripod prototype suffers from joint clearance, which leads to nearly rigid motion and makes the system "soft." Also, the clearance may let each body of the system be less constrained, and so no one natural frequency is significantly more dependent on configuration than other natural frequencies.
Figures 5͑a͒-5͑g͒ show the stiffness parameter settings of the joint virtual springs for the simulation in Figs. 4͑a͒-4͑f͒. The joint parameters are adjusted in experimental configurations and interpolated linearly into simulation configurations. The figures indicate that the stiffness in the same kind of joints on the three legs is not the same. This may be reasonable for the differences of the clearance and other conditions at the joints because of a manufacturing error. Accordingly the system may not be symmetric in dynamic response, such as order changing in repeated frequencies and fewer repeated frequencies.
Figures 6͑a͒-6͑g͒ display the comparison of the FRFs between the simulation and the experiment from the 1st to the 18th natural frequencies, which indicates good agreement at resonant peaks of interest, although only cosmetic damping adjustment is conducted. Figure 7 displays the measured FRF comparison between different configurations, which shows that the high natural frequencies are configuration dependent while the low natural frequencies are not.
Since the system modes are simplified as real in the model rather than complex as in reality, the mode shapes ͑or phasors for the complex mode system͒ may not agree in magnitude and phase. Figures 8͑a͒ and 8͑b͒ show magnitude comparisons of acceleration mode shapes in the body l X direction for the 12th modes at the configuration, with all three sliders being positioned at 75 mm on their guideways. These results are obtained by assuming that the revolute joints have the same joint stiffness parameters as well as the spherical joints ͑i.e., 7, instead of 21, parameters in total͒ and taking only leg nodes as master nodes. Disregarding the phase discrepancies, however, the figures still display some similarities of the mode shapes between the simulation and experiment, although no eigenvector sensitivity analysis is conducted. The computed mode shapes are obtained by solving the eigenproblem of Eq. ͑26͒ with seven stiffness parameters of virtual springs and leg nodes as master nodes; the measured mode shapes are obtained by using ME'scope software.
The joint modeling method is not limited to the tripod discussed in this paper. Other manipulators can also use the method to predict resonant frequencies, as long as the measured natural frequencies or FRFs are available at selected configurations for interpolation. Due to the joint complication, the frequency responses of real PKMs will seldom agree with the ones of ideal PKMs and the former will be "softer" than the latter. Accordingly the tools attached to the moving platform may suffer large-amplitude vibration, which increases the cutting error. The above analysis indi- cates that the clearance control of the joints in design and manufacturing is important. Future work should include the mapping between the joint clearance, joint stiffness, and system natural frequencies over the entire workspace.
Conclusion
A vibration analysis model and the modeling method are presented for a fully flexible 3PRS manipulator-a sliding-leg tripod with flexible links and joints. A series of the tripod configurations are set by rigid kinematics for simulation and experiment. The moving platform is modeled as finite elements of a triangular membrane combined with a bending plate. The legs are modeled as finite elements of a spatial beam. The joint complication is overcome by modeling the joint constraints as virtual springs. The nodal coordinates are statically condensed in order to validate the model. By eigenvalue sensitivity analysis in terms of the condensed coordinates, the stiffness parameters of the joint virtual springs are adjusted in experimental configurations until the computed FRFs agree with the measured ones from the impact tests. The adjusted joint parameters are interpolated linearly into a series of configurations in simulation. Damping is set for FRF calculation.
From experiment and simulation, it is found that the modified joints are closer to real joints than ideal joints. The modified joints decrease the system stiffness and change the variation of the system natural frequencies. The analysis shows that the model with the modified joints proposed in this paper is more effective than the conventional model with ideal joints for predicting the system natural frequencies and their variations against the changing of the tripod configurations. The good agreement between the simulation and the experiment at resonant peaks of the FRFs indicates the effectiveness of the modeling method.
